This paper develops the statistical properties of nonparametric estimators of production functions obtained through the use of data envelopment analysis (DEA). For deterministic production models it is shown that DEA production functions are consistent non parametric maximum likelihood estimators and gen erate technical inefficiencies that converge in distribution. The asymptotic joint distribution of the estimated technical inefficiencies allows hypothesis testing in DEA. These results are due mainly to Banker (1993) and here they are refined and extended. Relaxing the assumption of equally distributed inefficiencies and allowing for an arbitrary scale of operation for the underlying technology, it is shown the strong consistency of the DEA production function and how one can model effects causing inefficiencies under the assumptions of half-normal, truncated normal or gamma distributions for the inefficiencies, not ruling out heteroscedasticity. Measures of goodness of fit are also developed for the iid case assuming an exponential or a half-normal distribution. An empirical applica tion illustrates the theoretical results and investigates the nature of the produc tion function of the major state company responsible for agricultural research in Brazil, namely Embrapa (Empresa Brasileira de Pesquisa Agropecuaria).
Data envelopment analysis (DEA) models have been extensively used in the econometric literature. Recent publications that il lustrate this fact are Seifford and Thrall (1990) , Fare, Grosskopf, and Lovel (1994) , Charnes, Lewin, and Seiford (1995) , Brocket and Golany (1996) , Coelli, Rao, and Battese (1998) , Souza et al (1997 Souza et al ( , 1999 , and Cooper, Seiford, and Tone (2000) . The DEA approach has been criticized for its essentially deterministic nature. The rea son for this criticism is due to the fact that the production model leading to DEA efficiency measures does not allow for the influence 292 of measurement errors and other noisy components on the frontier. Basically all deviations from the frontier in such models are assumed to be due only to technical inefficiencies. There may be instances however, like the one studied in this paper, where the data does not seem to be very much influenced by measurement error, effects of weather, etc., and therefore there is not a pressing need to postu late a random component to control for those effects. Two other instances with similar evidence of underlying deterministic models are given by Coelli, Rao, and Battese (1998, p.193 and p. 216) . Actually some even claim that DEA may perform better than the stochastic frontier approach in certain cases. On this issue I quote Coelli, Rao, and Battese (1998, p. 219 
):
Stochastic frontiers are likely to be more appropriate than DEA in agricultural applications, especially in developing countries, where the data are heavily influenced by measurement error and the effects of weather, disease, etc. However, in the non-profit service sector, where random infl uences are less of an issue; multiple-output production is important; prices are difficult to define; and behavioral assumptions, such as cost minimization or profi t max imization, are difficult to justify, the DEA approach may often be the optimal choice. The selection of the appropriate method should be made on a case-by-case basis.
A further common justification for the DEA use relies on the bootstrap which provides the means to compute standard errors for DEA based efficiency measures in a distribution free environment. In a general multiple-output multiple-input setting, DEA measures efficiency relative to an estimate, based on linear programming (LP) techniques, of the unknown production frontier. This estimated fron-tier is subject to sampling variation and in this context the DEA effi ciency measures also become sensitive to sampling variation. This is the order of ideas backing the bootstrap method of Simar and Wil son (1998) . The bootstrap however is not consistent if the frontier is stochastic as seen in Liithgren (1997) . The problem with DEA in the presence of noise is that the frontier is not identified. As pointed out in Park, Simar, and ·Weiner (2000) the stochastic production fron tier model can only be identified either by using strong parametric assumptions on the frontier or by repeating measurements on each individual.
Personally I do not recommend any particular method of effi ciency analysis for a given application and I prefer to follow along the lines suggested by Coelli, Rao, and Battese (1998) quoted above. It should be recognized however that the DEA frontier is easier to fit and that it can always be used as an empirical measure of efficiency whether or not supported by a production model. Both methodsstochastic frontier and the deterministic DEA, if properly applied, will provide important insights in a data analysis. They may even be combined like in Arnold et al. (1994) .
In this paper a model will be investigated for which the DEA production function has optimal statistical properties under certain conditions. This model is deterministic. The optimality properties of a product-oriented DEA follows from its close association with the nonparametric maximum likelihood estimator (MLE). In this context one may want to compute measures of goodness of fit, confidence in tervals for production values, perform tests regarding the scale of operation of the underlying technology, and investigate factors caus ing efficiency. The discussion set forth here provides some answers to these questions and consists of four parts. Section 2 concentrates on exploring the association of DEA (LP) models and production models. To deal properly with production functions the discussion is restricted to univariate output. Section 3 introduces the statistical model for which DEA is MLE and proves the main asymptotic results of strong consistency and convergence in distribution. In section 4 the consequences of those results are then investigated for estimation and hypothesis testing from both a parametric and a nonparametric point of view. Finally, Section 5 deals with an application aiming to fit a production frontier to production data generated by a non-profit research institution.
2. The DEA production function.
Consider a production process with n production units, the de cision making units (DMU) in the DEA's jargon. Each DMU uses variable quantities of s inputs to produce a single output y. Denote by Y = (Y I ,···, Yn) the 1 x n output vector and by X = (Xl, .·., xn) the s x n input matrix. In what follows if W I and W 2 are vectors with components Wil and Wi 2 respectively, and the notation WI 2: W 2 means that Wil 2: Wi 2 for every i. Notice that the element Y r > 0 is the output of DMU rand X r 2: 0 (with at least one component strictly positive) is the s x 1 vector of inputs used by DMU r to pro duce Yr. Although not strictly necessary, values (prices x quantities) are frequently used as proxies in DEA applications (see Coelli, Rao, and Battese, 1998) , it is assumed that all inputs and the output are measured in physical quantities.
Let K be compact and convex in the nonnegative orthant of RS• The maximum output (frontier output) achievable from X E K is given by the production function Y = g(x). We assume g(x) to be continuous, and, additionally, 1. If X 2: w are points in K then g(x) 2: g(w).
2. If X and w are points in K and t E [0; 1] then g(tx + (1-t)w) 2:
tg(x) + (1 -t)g(w).
3. For each j = 1, ... , n g(Xj) :::: : Yj.
4. In regard to the scale of operation of the technology defined by g(x) we say: (a) g(x) displays constant returns to scale if g(1 ) x) = 1 ) g(x) for all 1 ) :::: : ° and x E K such that 1 ) X E K. (b) g(x) has increasing returns to scale if g(1 ) x) :::: : 1 ) g(x) for all 1 ) :::: : 1 and x E K such that 1 ) X E K. (c) g(x) entails decreasing returns to scale if g(1 ) x) :: :: 1 ) g(x) for all 1 ) :::: : 1 and x E K such that 1 ) X E K. As we will see later, one can use the observations (Xj, Yj) and DEA to estimate g( x) only in one of the sets K:; = {X E K; x :::: : � AjXj, Aj :::: : 0, � Aj :::: : I } , K; = { x E K; x :::: : � AjXj, Aj :::: : 0 , � Aj :::: I } , K� = {X E K;x:::: : �AjXj' Aj:::: : 0, �Aj = I }.
Each of these sets assumes a distinct scale of operation for the DEA estimate of g(x) shown bellow: Ki imposes constant returns, K:; increasing returns, Ki, decreasing returns, and K.:;-variable returns. The next proposition establishes a link between output oriented solutions of DEA LP problems and g�(x). The fu nction g�(x) is a production fu nction on K; (satisfies conditions 1-4) and has the property of minimum ex trapolation, that is, for any other production fu nction g( x), x E K, operating in the same scale as g�(x), we have g(x) 2: g�(x), x E K;.
Proof We show only that g�(x) is of minimum extrapolation for the case of increasing returns. Other cases are similar. Let g( x) be a production function showing increasing returns to scale. Let x E K and A, with nonnegative components, be such that I: j Aj 2: 1 and x 2: I: j AjXj. Since g(x) is monotonic, g(x) 2: g(I: j AjXj). Let ry = I: j Aj. We have ry 2: 1 and g(I: j AjXj) = g(ry I: j (Aj / ry)Xj) 2: ryg(I: j (Aj /ry)Xj) 2: I: j Ajg(Xj) 2: I: j AjYj . Then g(x) 2: g�(x). inefficiences in frontier models satisfy this property. An obvious ex ample is given by the exponential distribution. The property will also be satisfied by positive truncations of the normal N(Ji-, 0" 2 ) if Ji-:5, o.
The inputs Xj are drawn independently from probability density functions hj(x) with support set in K. Inefficiencies Ej and inputs Xj are independent.
The likelihood function for the statistical model is given by
The next proposition shows that g�(x) is a nonparametric maximum likelihood estimator of g(x).
Theorem 3.1 Among all production functions defined in Ki, g�(x) maximizes £. (g). Any other production function go(x) such that go(Xj) = g�(Xj) also maximizes £.(g).
Since fj(E) decreases with E the result follows. Then if Xo is a point in Ki interior to K, g� (xo) converges almost surely to g(xo).
Proof Let B( v, 0) denote the open ball with center in v and radius O. Since g(x) is continuous, given .6. > 0 there exists 00 > 0 such that
Consider the event Aj(o) = {(Xj, Ej) E A(o)}. Since the functions l(x) and L(x) are integrable and g(x) -g(xo) +.6. > 0 on B(xo, 00) we may choose 0 < 0 < 00 such that and 0< r
Brazilian Review of Econometrics 21 (2) November 2001 and it follows that 0 < P ::::; Pj < 1 for every j. By construction g�(x) � MinjYj for any scale of operation assumed for the underlying technology. Thus if (Xj, Ej) E A (8) and
Strong consistency then follows from the Borel-Cantelli 0-1 law. 0
Assumption (2) of Theorem 3.2 is satisfied for exponential distributions if the scale parameters are bounded away from zero. It will be true for the general gamma family r(rj, Aj) = A r jxTj-1 exp { -Ajx} Jr(rj) if the parameters Aj and rj are restricted to closed intervals [a, b] with 0 < a < b. It will also hold for pos itive truncations of the N (/-'j, aD If the parameters /-'j and oJ are restricted to bounded intervals. Theorem 3.3 Suppose that assumptions (1) and (2) of Theorem 3. 2 are satisfied and that Xj is interior to K for every j. Let M be a subset of the DMUs included in the sample that generates the n production observations. The asymptotic joint distribution of the (DBA) technical inefficiencies E� j = g�(Xj) -Yj, j E M, coincides with the product distribution of the E j, j EM. Theorem 3.3 is basic for statistical inference in the context of the deterministic production model. It allows the use of both parametric and nonparametric approaches. I begin the discussion on this subject showing, in general, how to construct confidence intervals for the production values g( Xi). Further topics in estimation and the hypothesis testing applica tions likely to be of interest in DEA efficiency analysis will involve model specifications. In this context one may be willing not only to assess the goodness of fit of the deterministic model but also to de termine factors causing inefficiencies. The following two propositions tackle particular instances of these problems under iid inefficiencies if the common inefficiency distribution is either exponential or half normal. These results are due to Banker ( 1993) and here they are refined to include a measure of goodness of fit. where s is the sample standard error of the estimated residuals E� i ' has, approximately, a chi-square distribution with 2n degrees of free dom.
Proof Since the true inefficiencies Ei are iid exponential with param eter A then 2A I: iEM Ei is chi-square with 2m degrees of freedom. If M coincides with the sample the distribution will be chi-square with 2n degrees of freedom. Let Fn (u) be the distribution function of the chi-square distribu tion with 2n degrees of freedom. Given u, v > 0, since the chi-square densities are uniformly bounded, there exists a constant C such that
Let Fn (u) be the distribution function of 2 I:�=l Ed s. Since Fn (u) = Fn(ASU) it follows Results 1 and 2 are then true for the inefficiencies Ei since s is strongly consistent for A-I By Theorem 3.3 they will also hold, approxi mately, for the E�i ' 0 Proposition 4.3 Under the assumptions of Theorem 3.2 suppose that the Ei are iid with a common half-normal density f ( E) (2/v'27i(7) exp{ _E 2 /2(7 2 }, (7 > 0, E > O. Let M be any subset of DMUs with m elements. Then 1. The quantity L iEM( E�i ) 2 / (7 2 has, approximately, a chi-square distribution with m degrees of freedom. where E'; and S 2 are the sample mean and the sample variance of the E�i ' respectively, have, approximately, a chi-square distribution with n degrees of freedom.
Proof Under the assumptions Li EM E ; / (7 2 is chi-square with m de grees of freedom. If !VI coincides with the sample then the distribu tion is chi-square with n degrees of freedom. Since the mean of the half-normal distribution is (7)2/", the variance is (1 -2/")(7 2 , and the chi-square densities are uniformly bounded, Results 1 and 2 are then true for the inefficiencies Ei. By Theorem 3.3 they will also hold for the E�i ' LiEM2 (E� i ) 2 will follow the F-distribution with ( 2m),2m 2 ) and ( m), m 2 ) de grees of freedom, respectively, depending on the assumption imposed on the inefficiency distribution, namely exponential or half-normal. This same test may be employed to assess the scale of operation in g(x) (not of the individual DMUs) under the iid assumption for the E i . Consider for example the problem of testing if g(x) shows con stant returns to scale. Under the null, i.e, under constant returns, residuals computed assuming variable returns (v) should behave in a way similar to constant returns (c) . Thus the ratios should be approximately F ( 2n, 2n) and F ( n, n) respectively, under the null. A Smirnov-Kolmogorov test may also be used to test for scale under iid inefficiencies if one is not willing to postulate any specific inefficiency distribution. In this instance if G1(u) and G 2 (u)
are the distribution functions of the inefficiences under constant and variable returns, respectively, we should test H : G1(u) = G 2 (u) against A : G1 (u) < G 2 (u) since inefficiencies under constant returns will always be larger than or equal to inefficiencies under variable returns.
The nonparametric procedure for comparing two groups of DMUs is the Mann-Whitney test (Conover, 1998) . For more than two groups the appropriate approach is the Kruskal-Wallis test (Conover, 1998) . These tests are robust against heteroscedasticity and to the presence of outliers in the data (Wonnacot and Wonnacot, 1984) .
It should be pointed out that Theorems 3.2 and 3.3 allow more flexible parametric specifications for the inefficiencies than those sug gested by Propositions 4.1 and 4.2. Suppose that Zo, .. · , Zz are vari ables we believe to matter in explaining inefficiencies. Following the Coelli, Battese, and Rao (1998) approach to stochastic frontier anal ysis it can be postulated that Ei = Zi080 + .. . + ZildZ + Wi where the 8j are parameters to be estimated, the Zij are realizations of the Zj and Wi is the nonnegative truncation of the normal N(O, (J" 2 ). ¢ (.) and if? ( .) being the density and the distribution function of the standard normal respectively, are both monotonic functions of P,i, the formulation allows heteroscedasticity. Group comparisons in the context studied in Propositions 4.1 and 4.2 can be performed in this more general setting taking some of the Zj to be appropriate dummy variables. Any number of groups is allowed. The same ideas may be applied to the gamma family although the truncated normal family seems to be flexible enough in applications.
5. An application.
Embrapa's research system is composed of 37 research centers. Their location is spread throughout Brazil and they are classified ac cording to their mission and research objectives in ecoregional cen ters (E, 13 units), product oriented centers (P, 15 units) and thematic centers (T, 9 centers). The company monitors 28 output and 3 input variables in its research (production) system. It is not my intention to describe in detail the nature of these variables here. Only a brief summary will be presented. A more detailed description may be found in Souza et al (1999) .
The output variables are classified roughly into four categories. Scientific Production ( 3), Production of Technical Publications (6), Development of Technologies, Products and Processes (8), and Diffu sion of Technologies and Image (11) . The Scientific Production cate gory includes the publication of book chapters, articles published in refereed journals and articles and summaries published in proceed ings of congresses and technical meetings. The category of Produc tion of Te chnical Publications groups all sorts of publications pro duced by research centers aiming, primarily, agricultural businesses 308 and agricultural production. Typical of this category are instruc tions and technical recomendations which are publications written in simplified language aimed at extensionists and farmers in general, and containing technical recomendations in regard to agricultural production systems.
The category of Development of Technologies, Products, and Processes groups variables related to the effort made by a research unit to make its production available to society in the form of a final product. Typical of this category is the production of new cultivars and plant varieties. Finally, the category of Diffusion of Technologies and Image includes variables related to Embrapa ' s effort to make its products known to the public and to market its image. Typical of this category is the organization of field days and demonstration units. The objective of the former is the diffusion of knowledge, technologies, and innovations to farmers and extensionists and of the later is to demonstrate research results already in the form of a final product.
The input variables are Xl -personnel costs, X2 -operational costs, and X3 capital costs.
Production variables are shown in Table 1 . A single output measure is presented as a result of a weighted average of the 28 production indexes defined by the set of output variables. Notice that each marginal output component of this average is an index measuring performance relative to a benchmark so that the combined output gives information on how much each research center deviates on the average from a basic pattern specified for the whole set of production variables. Inputs are also measured as indexes relative to a benchmark. For the data in Table 1 the benchmark for each variable, whether input or output, was chosen to be the average production of 1999.
The definition of output weights is a hard task. In this applica-
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tion output weights were defined as a result of an inquiry involving 500 researchers and administrators. Each participant in the sampling program was asked to rank in importance -scale 1 (least) to 5 (most), each production category and each production index within a given category. The model used to analyze this data is known as the Law of Categorical Judgment which is derived from the companion Law of Comparative JUdgments of Thurstone (1927) . This law has been popularized in economics by McFadden (1974 McFadden ( , 2001 who uses it to model preferences. The Law of Categorical Judgments can transform individual ranking judgments and produce analytically a group re sult which is an interval scale rather than a rank ordered scale. The relative importance of each variable or stimulus can then be assessed on the basis of estimable pairwise differences in this new continuous scale. The results obtained by this process are similar in appear ance to those generated by the AHP method of Saaty (1994) . More details in regard to the method may be found in Torgerson (1958) , Kotz and Johnson (1989) , Nunnally and Berstein (1994) , Souza and A vila (2000) and Souza (2001) .
Now the results of Section 4 are illustrated. Table 2 shows tech nical efficiencies computed under the hypothesis of constant returns to scale (cr), variable returns to scale (vr), and estimates (g� (x) ) of the production values g(x) and residuals evr (E�j) computed un der the assumption of variable returns to scale. Calculations were performed using the software DEAP v 2.1 (Coelli, Rao, and Bat tese, 1998) . The output oriented efficiency measures cr and vr were obtained inverting their solutions. Table 3 shows the goodness of fit statistics for evr (Result 2 of Propositions 4.2 and 4.3) for the iid exponential and half-normal hypotheses. We see that the exponential distribution is rejected but there is not sufficient evidence to reject the half-normal distribution. QQ-plot. The message conveyed by the plot is that the half-normal is indeed a better fit to the data and that heteroscedasticity may be present. The result of the statistical test also implies that the variable type of a research center is not a factor affecting inefficiencies significantly.
To illustrate the heteroscedastic model specifications presented in Section 4 and to gather additional evidence to support the above findings it was fi tted to the residuals E;'.i the positive truncation of the normal N(J.Li' 0" 2 ) with where Di1 and Di2 are realizations of indicator variables of the groups T and P respectively. As seen before this specification is sufficient to induce heteroscedasticity on the inefficiencies E;'. i . This model was estimated by maximum likelihood using PROC NLMIXED of SAS VS.2. The joint hypothesis 80 = 81 = 8 2 = 0 implies the half-normal specification for the inefficiencies and no type effects. The test is carried out using the likelihood ratio. Two models are involved. The full model with no restrictions on the parameters and the reduced model which imposes J.Li = 0 for all i. We see from Table 4 that the hypothesis is not rejected.
Although overall group differences were not detected and no fur ther testing is necessary, for the sake of completeness, pairwise com parisons for types are shown in Table 5 . As expected in view of the previous results none of the comparisons is significant.
Given that the assumption of iid half-normal inefficiencies is not rejected one may go ahead and compute confidence intervals for g(Xi) with a confidence coefficient of at least 95% simply by adding the quantity q = 1.963-= 1.4 to g;'.(Xi). Here 3-2 = 0.5117 is the maxi mum likelihood estimate of 0" 2 . Now the question of scale will be considered. Table 6 shows parametric and nonparametric tests of the hypothesis of constant returns (vs variable returns). Notice that this is an overall test on g(x) not a test regarding the scale of operation of individual research centers. The one sided non parametric test does not reject constant returns at the 5% level although we see sufficient evidence to reject it using the metric inherited from the half-normal distribution. We resolve this matter assuming the more general variable returns.
In DEA analysis it is possible to identify the region of operation of each DMU relative to the estimated production function gn (x) derived under the assumption of variable returns to scale. Each unit is identified as operating in the regions of increasing, decreasing or constant (optimal) returns of the piecewise linear deterministic fron tier approximating 9 (x) as follows. If a decision making unit is effi cient under the assumption of constant returns we say it is operating at a region of constant returns. If the DEA estimate imposing K3 (decreasing returns) differs from the estimate imposing K4 (variable returns) we say that increasing returns prevail for that unit. If the two are equal, the decreasing returns will apply. DEAP V 2.1 pro duces the classification automatically. Results are shown in Table 2 . The classification is important for management reasons since it gives indication on possible actions to be taken on an inefficient unit to make it more efficient. If an inefficient production pair (Xi, Yi) is lo cated in a region of increasing returns the indication is that Yi is too small for the unit to be efficient. On the other hand, if it is located in a region of decreasing returns Xi is too large for the unit to be efficient. See Fare, Grosskpof and Lovell (1994) for more details on this issue.
This section ends with a discussion of a procedure suggested by Brocket and Golany (1996) to assess differences in efficiencies associ ated with groups of units. The procedure applies to a multiple-input 312 and multiple-output DEA, is model free, and further illustrates some of the empirical applications one can perform with DEA. The idea is to compare the programs backing the classification instead of the raw values of the technical inefficiencies. This is achieved in a two step procedure. The first step consists in running a DEA analysis within groups. Production of units are then optimized within groups by projection onto the group frontier. This projected outputs are the quantities g� (x; ) within groups. These outputs are efficient in the sense that they represent the maximum output achievable relative to a group given the sample. An overall DEA is then run with the projected values. The new technical efficiencies are then assessed for group differences by means of nonparametrics tests. These are Mann Whitney and Kruskal-Wallis (Conover, 1998) , respectively, depend ing if two or more groups are involved in the comparison of interest. For Embrapa's data although a significant type effect was not found for the raw inefficiencies, programmatic differences do exist. The overall Kruskal-Wallis test is significant as well as the Man-Whitney statistics for all three pairwise comparisons T-E, T-P, and E-P. One finds that P and T dominates E and that P dominates T. Domination means higher average ranks and consequently less efficiency.
Conclusions.
It has been shown that product oriented DEA estimates of pro duction functions are maximum likelihood, strongly consistent and converge in distribution under assumptions that do not rule out heteroscedasticity. The weaker residual dsitributional assumption made to obtain these results is the major key difference relative to Banker's (1993) work. The context in which the statistical results were derived is deterministic in the sense that the only allowable stochastic components entering the production model were the re sult of technical inefficiencies. The asymptotic results allow a fl exible modeling strategy to explain inefficiencies using regression analysis. The approach is derived from positive truncations of the normal dis tribution and does not rule out heteroscedasticity.
Simple parametric procedures were derived so as to permit as sessing the assumptions of iid half-normal and iid exponential for the inefficiency distributions. If the deterministic model is true and inefficiencies are half-normal or exponential then simple parametric and nonparametric procedures are also available to assess the scale of operation of the underlying production function as well as classi fications of interest of the data.
Finally the statistical inference results were applied to research data generated by an institution -Embrapa, responsible for much of the agricultural research carried out in Brazil. For this application there is evidence that the production model is deterministic with iid inefficiencies with a common density half-normal. Some evidence was found against constant returns and the deterministic model was assumed to follow variable returns. Technical inefficiencies do not differ between type of (research) units but it was found significant programmatic differences. 
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